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The penetrable sphere fluid consists of a system of spherical particles interacting via a potential that
remains finite and constant for distances smaller than the particle diameter and is zero otherwise.
This system, which was proposed sometime ago as a model for micelles in a solvent, has
represented so far a remarkable challenge for integral equation theories which proved unable to
correctly model the behavior of the two-body correlations inside the particle overlap region. It is
shown in this work that enforcing the fulfillment of zero separation theorems for the cavity
distribution function y(r ), and thermodynamic consistency conditions~fluctuation vs virial
compressibility and Gibbs–Duhem relation!, on a parametrized closure of the type proposed by
Verlet, leads to an excellent agreement with simulation, both for the thermodynamics and the
structure~inside and outside the particle core!. Additionally, the behavior of the integral equation at
high packing fractions is explored and the bridge functions extracted from simulation are compared
with the predictions of the proposed integral equation. ©2000 American Institute of Physics.
@S0021-9606~00!51102-7#
I. INTRODUCTION
In recent years it has become clear that classes of mate-
rials such as solutions of certain types of colloidal
particles—a particular example of what is nowadays known
as ‘‘soft matter’’—can be modeled via ultrasoft potentials.1
It is characteristic of this type of potentials that the excluded
volume effects are relatively small, the particles being highly
penetrable. This is the case of star polymer solutions for low
arm numbers,2,3 a system in which the dissolved polymer
does not seem to undergo crystallization~‘‘liquid–solid’’
transition! for any concentration.
An extreme case, and perhaps the simplest, of ultrasoft
potentials is the penetrable sphere model,4 closely connected
with Stillinger’s Gaussian core model.5 Both potentials illus-
trate what is known as bounded interactions, since they re-
main finite at zero separation. On the other hand, the ultra-
soft potential recently proposed by Likoset al.1 to model star
polymer solution exhibits a logarithmic singularity at zero
separation. The penetrable sphere model was first proposed
by Marquest and Witten4 to explain the crystallization of
copolymer mesophases. On the basis of ground-state calcu-
lations, and the assumption of single-site occupancy, these
authors concluded that an interaction of this type might give
rise to a stable simple cubic phase in equilibrium with the
fluid ~i.e., with the disordered suspension of colloidal par-
ticles! in accordance with experimental evidence. More re-
cently, however, a detailed study by Likos, Watzlawek, and
Löwen6 has shown that this is not the case when multiple site
occupancy is allowed for, and thus one has to look for some
other causes to explain the stability of the simple cubic
phase, as for instance the influence of the many body inter-
actions.
Nevertheless, Likoset al. have raised an important point
in their study. It turns out that the integral equation approxi-
mations usually employed in the liquid state theory, like the
Percus–Yevick~PY! equation, hypernetted chain approxima-
tion ~HNC!, or the Rogers–Young~RY! hybrid closure, ei-
ther fail to reproduce the structure of the fluid~ n particular
for distances smaller than the particle size! or completely
lack of a solution for many states of interest~from moderate
to high concentrations of copolymer!. In particular, in the
case of the PY integral equation, this failure is easy to un-
derstand, since it is mostly suited for repulsive interactions,
i.e., the larger the excluded volume region where the pair
distribution function satisfiesg(r )50, the more accurate the
approximation. However, the reason for the failure of the
HNC is not so obvious. On the other hand, self-consistent
approximations like the RY integral equation which interpo-
lates between PY and HNC, in some cases either lack a
solution or lead to disparate results, since as will be shown in
this paper, consistency between virial and bulk compressibil-
ity turns out to be insufficient to guarantee a physically
meaningful solution in systems in which the particle exclu-
sion hardly plays any role.
From the above arguments it is clear that an integral
equation that intends to describe the behavior of penetrable
particles at small or zero separation will have to take into
account some local consistency property of the functions de-
scribing the fluid structure at zero separation, going beyond
simple thermodynamic consistency relations that are based
on the use of quantities derived from the integration through-
JOURNAL OF CHEMICAL PHYSICS VOLUME 112, NUMBER 2 8 JANUARY 2000
8100021-9606/2000/112(2)/810/7/$17.00 © 2000 American Institute of Physics
out the space of two-particle correlation functions. Precisely
in order to take into account the correct behavior of the cor-
relation functions inside the core region~even in systems
with strong core repulsions!, Lee7 proposed some years ago a
zero-separation~ZSEP! closure for the Ornstein–Zernike
~OZ! integral equation which makes use of the zero separa-
tion limit of the cavity function y(12) (y(12)
5exp(bu(12))g(12), whereu(12) is the pair potential and
g(12) the pair distribution function! in addition to other ther-
modynamic consistency conditions. This ZSEP closure was
explored in detail for Lennard-Jones systems by Lee, Gho-
nasgi, and Lomba8 who showed that imposing the fulfillment
of the zero-separation theorems for the cavity function in
conjunction with the Gibbs–Duhem relation~chemical po-
tential vs pressure! and the consistency between virial pres-
sure and bulk compressibility leads to an excellent agree-
ment for all correlation functions, including those like the
cavity and bridge function which are non zero inside the
overlap region. It is obvious that the ZSEP integral equation
is an excellent candidate that by construction should be able
to succeed where other approximations have failed. Thus, the
main purpose of this work is to explore the ability of the
ZSEP closure to describe the structural behavior and thermo-
dynamics of the penetrable sphere fluid.
The rest of the paper is sketched as follows. In Sec. II we
will summarize the essentials of the ZSEP integral equation,
including the expressions for the calculation of the thermo-
dynamic properties of interest. In Sec. III we will present our
results as compared with simulation data. We also draw con-
clusions that are deemed significant and give future
perspectives.
II. THE ZSEP INTEGRAL EQUATION
Once again, the starting point of our discussion will be
the single-component OZ equation,
h~r 12!5c~r 12!1rE c~r 13!h~r 32!dr3 , ~1!
where c(r ) is the direct correlation function,h(r )5g(r )
21 is the total correlation function, andr is the number
density of the polymer particles. The ZSEP
approximation9,10 assumes a closure relation of the form pro-
posed by Verlet,11




2 F12 afg* ~r !11ag* ~r !G , ~3!
where, for the penetrable sphere model
u~r !5H «, r<s0, r .s. ~4!
Here s is particle size and«.0. The function g* (r )
5g(r )1 12r@exp(2buwca
r (r:swca)21# and g(r )5h(r )2c(r )
represents indirect correlations in the fluid. The renormaliza-
tion potential is defined by
FIG. 1. Pair distribution function for the penetrable sphere fluid att50.2,
h50.5 ~upper figure! and h50.3 ~lower figure!. Monte Carlo results are
denoted by empty circles, and integral equation approximations are repre-
sented by dashed–dotted~HNC!, dotted~PY!, and solid~ZSEP! curves.
FIG. 2. Pair distribution function for the penetrable sphere fluid att50.1,
h50.5 ~upper figure! andh50.3 ~lower figure!. The strong statistical scat-
tering of the MC data in the inset of the bottom part is due to the very low
probability of penetration for such low temperatures and packing fractions
which worsens the statistics of MC sampling in comparison with the other
cases presented. Labels as in Fig. 1.
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buwca
r ~r !
5H 4~~swca /r !122~swca /r !6!11 if r ,21/6swca0 if r .21/6swca .
The diameterswca can be used as an optimization parameter
in addition toz, f, anda in ~3!, though in most cases one
can use the value that, in a system interacting viauwca
r ,
would render the same second virial coefficient as in the
penetrable sphere fluid at the same density.
This form of the renormalized indirect correlation func-
tion, g* , differs from the one proposed in~8! and~9! in the
r-dependence that guarantees the correct low density
limit—in the spirit of the approximation also proposed by
Duh and Henderson12—of the bridge function. Also, we have
found that the subtraction of the Mayer bond leads to a better
renormalization for repulsive potentials where the perturba-
tive splitting of Refs. 9 and 10 is inadequate. Now, in the
closure~2!–~3! we have three parametersz, f anda ~four if
swca is included in the optimization! that will have to be
determined via consistency conditions as follows.
A. Virial pressure vs bulk compressibility „fluctuation
theorem …




r2E g~r ! ]~bu~r !!]r r 3 dr ~5!





whereg(s6) are the upper and lower limits ofg(r ) at the
core discontinuity. Also, the inverse isothermal compress-
ibility via the fluctuation theorem reads
1/kT
f 5S ]bP]r D5F114prE0`r 2h~r !drG
21
. ~7!
Hence a first consistency requirement will be
1/kT
f 5S ]bPv]r D51/kTv . ~8!
B. Gibbs–Duhem relation
This is the thermodynamic relation that establishes the
link between pressure, chemical potential, and density. In our




In order to avoid cumbersome thermodynamic integra-
tions, one should have a direct expression for the excess
chemical potential which in the case of the ZSEP closure
~2!–~3!, can simply be evaluated via Lee’s star function
approach,7 which leads to8
bm85rE @ ln y~r !2h~r !1 12h~r !g~r !1h~r !B~r !#dr2S!,
~10!
FIG. 3. Pair distribution function for the penetrable sphere fluid att50.5,
h50.5 ~upper figure! andh50.3 ~lower figure!. Labels as in Fig. 1.
FIG. 4. Pair distribution function for the penetrable sphere fluid att51.0,
h50.5 ~upper figure! andh50.3 ~lower figure!. Labels as in Fig. 1.
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where the star seriesS! is given by
S!5rE drh~r !g~r !Eg* (0)g* (1)dx B̂~x! ~11!
In the present caseg* (1)5g* andg* (0)5r(exp(2buwca)











F ~11ax!32 92 ~11ax!2
19~11ax!23 ln~11ax!2
11
2 G . ~12!
We see that, once all the correlation functions are known, we
can determine the chemical potential and check for the ful-
fillment of the Gibbs–Duhem relation.
C. Zero separation theorems for the cavity function
In general, the value of the cavity distribution function
y(r ) at a given distancer 5R, can be shown to be identical
to the energy required to insert a dimer of two particles sepa-
rated a distanceR minus the work required to independently
insert two monomers. The latter quantity is simply twice the
chemical potential. In particular, forR50, we will have
2 ln y~0!5bm28~0!22bm18 , ~13!
where bm18 can be obtained via Eqs.~10!–~12!, and for
bm28(0) we have to write the corresponding OZ equations
for the mixture of monomers and an infinitely diluted dimer




where the tildes denotes a Fourier transformation,r1 stands
for the fluid density,h115h(r ) (c115c(r )) is the fluid total
~direct! correlation function, and the subscripts 12 refer to
FIG. 5. Excess free energy per particle obtained from the ZSEP integral
equation~solid lines! and from simulation via theh-route ~empty circles!
and thet-route ~filled circles! taken from Ref. 6.
FIG. 6. Two solutions of the OZ equation with self-consistent closure att
50.2 andh50.5. The solid curve represents a solution that fulfills the
Gibbs–Duhem and the virial-fluctuation theorem consistency conditions
only. The dashed curve complies additionally with the zero separation
theorem.
FIG. 7. Inverse of the structure factor of the penetrable sphere fluid att
50.2, h50.5 ~solid curve!, h50.7 ~dotted curve! and h50.9 ~dashed–
dotted curve!.
FIG. 8. Pair correlation function and coordination number,n(r ) ~ordinates
on the right axis! in the ZSEP approximation at extremely high densities.
The solid~dashed! line corresponds tog(r ) (n(r )) ath512 and the dotted–
dashed~dotted! to g(r ) (n(r )) at h52 andt516 in both cases.
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fluid-dimer correlations. Thus, once the bulk fluid structure
is known ~with some initial guess forz,f, anda), h11 and
c11 are inserted in~14!, which is then solved in conjunction
with ZSEP closure ~2!–~3!. Notice however that now
u12(r )52u11(r ), so in principle one should use a different
set of z,f, and a for the monomer-dimer bridge function,
which should be consistent with those that would be obtained
for the bulk fluid at a new reduced temperaturet85(t/2)(t
5kBT/«). In practice we have found that the results are
sufficiently good using the same set of parameters for the
dimer as for the bulk fluid integral equations and all the
calculations in this work make use of this approximation.
Finally, the dimer chemical potential can also be evalu-
ated via the star series




! defined by Eqs.~10!–~12! using fluid-dimer
correlation functions instead.
Now we proceed as follows. For a set of initial param-
etersz,f, anda, one solves the OZ equation~1! with the
ZSEP closure~2!–~3!. Then one calculates the virial pressure
and the bulk compressibility. In order to estimatekT
v one
simply has to solve the equation for three consecutive den-
sities (r,r6dr) and compute the numerical derivative. The
chemical potential is obtained via Eqs.~10!–~12! and the
values obtained for (r,r6dr) are employed to estimate the
density from the Gibbs–Duhem relation,
rGD5S ]P]m D
T
using a three point rule. This estimate should match the input
number density,r. Then one solves the equations for the
infinitely diluted dimer~14! and obtainsbm28 and the zero-
separation value,y(0) from Eq. ~13!, which is to be com-
pared with
ln ycr~0!5h~0!2c~0!1BZSEP~0!.
In principle one should varyz,a, andf ~and in some cases
swca) until a satisfactory agreement is reached for all this
quantities. However, in the process of search for consistency
it might well happen that complete consistency is never
achieved, for instance if the functional form ofB(r ) is not
flexible enough to model the behavior of the fluid through
changes in the independent parameters. We have therefore
decided to look for the parameters that minimize an ‘‘incon-
sistency residue,’’FR , defined by
FR5AwP@1/kTf 21/kTv #21wr@r2rGD#21wz@ ln y~0!2 ln ycr~0!#2, ~16!
wherewP ,wr ,wz are weights to be tuned in order to maxi-
mize the contribution of those conditions that might have the
most influence on the quality of the results. More explicitly,
we have usedwP , wr , wz51, 2, 2, since at high densities
we have found that the deviations in the compressibility con-
sistency are unavoidably large and would otherwise mask
departures in the remaining contributions. A direct search
complex algorithm has been applied to locate the minima of
Eq. ~16!, since this problem is too unstable for application of
the faster but less robust Newton–Raphson or conjugate gra-
dient algorithms.
Finally, note that the excess free energy per particle,
baex can also be calculated using
baex5bm182bP/r11
giving an alternative path to calculate the pressure,
FIG. 9. Region of accessible solutions for the ZSEP integral equation.
FIG. 10. Bridge functions extracted from the simulation data~empty circles!
and compared with the ZSEP approximation~solid curves! for h50.5, t
50.2 ~upper figure! and t50.1 ~lower figure!.
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bP
r
511rS ]baex]r D . ~17!
III. RESULTS AND CONCLUSIONS
We have solved the ZSEP integral equation for a variety
of states for which we have simulation data available. First,
in Fig. 1 we compare the structure obtained from the ZSEP
equation with the PY and HNC results and the simulation
data. Notice that for the packing fractionh5prs3/650.5
the HNC lacks physical solutions. One can clearly appreciate
that the ZSEP closure agrees extraordinarily well with the
simulation results in particular for the overlap region. The
same can be seen in Figs. 2–4, where the correlation func-
tions are shown for other packing fractions and temperatures.
Also, in Fig.5 the ZSEP excess free energy in the liquid is
compared with that obtained from the simulation. We can
see once again that for the temperatures and packing frac-
tions considered the agreement is remarkable.
It is important to note how the zero-separation theorem
plays a crucial role to drive the optimization procedure to-
wards physically meaningful solutions at high densities. This
is illustrated in Fig. 6, where we show a solution obtained
setting wz50 in FR—in Eq. ~16!—and the solution con-
verged withwz52. One observes that relaxing the zero sepa-
ration condition leads to a solution that is found to be incor-
rect, although fulfills the Gibbs–Duhem relation and the
compressibility consistency condition. However, these quan-
tities being either integrated properties or dependent on the
value of the correlation functions at the core discontinuity,
compliance with the corresponding consistency constraints
does not guarantee the proper behavior at50. This would
certainly not be the case when the hard sphere limit was
approached («→`), since there the core condition:g(r )
50 for r ,s would be exactly fulfilled and the local behav-
ior at contactg(s1) would be made consistent with the in-
tegrated properties~both kT and bm). For a givent, the
integral equation finally reaches a limitingh where conver-
gence stops. In Fig. 7 we have plotted the quantity 1
2rc̃(q)5S(q)21 for various packing fractions approaching
this limit at t50.2. It is clear that the conditionS(q0)
21
→0 for q0Þ0 ~i.e., the signature of a spatially ordered
phase! is not even approached. Hence we cannot attribute the
convergence difficulties to the proximity of the solid phase
and they most likely result from an artifact of the integral
equation. On the other hand, the empirical Hansen–Verlet
freezing rule13 indicates that these limiting states are well
within the fluid–solid coexistence region, in accordance with
the phase diagram proposed by Likoset al.6 Moreover, at
least for the star polymer model potentials that present the
logarithmic singularity at zero separation, it has been found
that this empirical rule is valid.14
As to the high temperature and high packing fraction
regime illustrated in Fig. 8, we observe first a tendency to
adopt the ideal gas structure resulting from the decrease in
size in the energy barrier that prevents multiple occupancy.
As a consequence the structure of the fluid is smeared out
and particles from the nearest neighbor shells move inside
the particle core. This is further confirmed by the values of





also shown in Fig. 8. When the density is further increased,
although the multiple occupancy of the core region rises
even more@there are no longer values ofg(r )50 for r
,s], the fluid exhibits again certain structure in the first and
second neighbor shells.
In Fig. 9 we have plotted the limits reached in our cal-
culations, where states of higher packing fractions and lower
t became unattainable. Although this might still be somewhat
inconclusive, it seems that the penetrable sphere model does
not have the type of fluid–solid phase diagram exhibited by
the Gaussian core model, the latter presents a stable liquid
phase for some densities higher than the solid and some type
of critical temperature above which it is no longer possible to
have a stable solid.5
Finally, in Figs. 10 and 11 we have presented the bridge
FIG. 11. Bridge functions extracted from the simulation data~empty circles!
and compared with the ZSEP approximation~solid curves! for h50.3, t
50.2 ~upper figure! and t50.1 ~lower figure!.
TABLE I. Thermodynamic properties obtained through various paths and optimized parameters in the ZSEP closure for a penetrable sphere fluid at packing
fractionh50.3. Here the quantity lnyzst is calculated using Eq.~13! andbP
a/r through Eq.~17!. The meaning of the remaining subscripts and superscripts
is explained in the text.
t z f a swca r rGD 1/kT
b 1/kT
v ln y(0)cr ln y(0)zst bP
v/r bPa/r baex bm1
0.1 1.274 1.013 1.016 0.983 0.573 0.597 10.56 10.57 4.843 4.833 4.029 3.598 1.804 4.833
0.2 0.742 0.966 0.973 0.980 0.573 0.584 8.39 8.39 4.472 4.473 3.760 3.603 1.8459 4.606
0.5 0.258 0.800 1.900 0.935 0.573 0.572 4.44 4.44 2.163 2.164 2.571 2.575 1.339 2.910
1.0 0.208 0.723 0.847 0.844 0.573 0.573 2.94 2.94 0.906 0.905 1.921 1.923 0.8536 1.775
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functions extracted from the simulation data using Verlet’s
extension procedure15 for various thermodynamic states and
compared with results from the ZSEP closure. We note that
these extracted bridge functions arenot direct MC results.
Numerical treatment on the MC data was performed. We
compare the ZSEPB(r ) with the MC-derivedB(r ) in Figs.
10 and 11. There are visible discrepancies in the ZSEP re-
sults for r ,1.5. These discrepancies correspond to the re-
sidual inconsistencies shown in Tables I and II. The sources
of the discord are analyzed and attributed to:~1! the exten-
sion of the MC data has introduced inevitable numerical er-
rors, derived from the finite ranges of the simulated data and
their statistical scatter near zero-separation.~2! The ZSEP
bridge function@Eq. ~3!# contains three parameters. In the
parameter space spanned bya,f, andz, there is no guaran-
tee that our search method has reached the global minimum
for the residual inconsistencies.~3! The approximate as-
sumption that the dimer-monomer bridge function@Eq. ~14!#
has the same parameters as the monomer–monomer values,
while in fact they should have been different.16
We remark that in this particular incarnation of the
ZSEP calculation, all that were used were self-consistencies,
no extraneous information was needed. Two global condi-
tions ~thermodynamic-pressure consistency and Gibbs–
Duhem relation! and one local condition~zero-separation
theorem! were used to determine the three closure param-
eters:a, f, andz. We took MC data only for comparison,
not for the construction of the closures.
In summary, we have presented a viable theoretical ap-
proach to determine the structure and thermodynamics of the
penetrable sphere model, and consequently suitable for any
system with ultrasoft interactions. Since these types of ma-
terials are mostly often characterized by their polydispersity,
a natural extension of this work would be the inclusion of
polydispersity in the interactions~via the number of arms of
the star copolymer and the particle size! by means of a treat-
ment like the one proposed by Lado.17 Work on this and
related matters is planned.
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